In this note, we show that countable direct limits of finite-dimensional Lie groups do not have small subgroups.
The present investigation is related to an open problem in the theory of infinite-dimensional Lie groups, i.e., Lie groups modelled on locally convex spaces (as in [4] ). Recall that a topological group G is said to have small subgroups if every identity neighbourhood U ⊆ G contains a non-trivial subgroup of G. If every identity neighbourhood U contains a nontrivial torsion group, then G is said to have small torsion subgroups. The additive group of the Fréchet space R N is an example of a Lie group which has small subgroups.
It is an open problem (formulated first in [6] ) whether a Lie group modelled on a locally convex space can have small torsion subgroups. As a general proof for the non-existence of small torsion subgroups seems to be out of reach, it is natural to examine at least the main examples of infinite-dimensional Lie groups, and to rule out this pathology individually for each of them. The main examples comprise linear Lie groups, diffeomorphism groups, mapping groups, and direct limit groups, i.e., direct limits in the category of Lie groups of countable direct systems of finite-dimensional Lie groups, as constructed in [2] (see also [1] , [3, Theorem 47 .9] and [5] for special cases). We show that direct limit groups do not have small subgroups, thus ruling out the existence of small torsion subgroups in particular:
Theorem. Let S := ((G n ) n∈N , (i n,m ) n≥m ) be a direct sequence of finite-dimensional real Lie groups and continuous homomorphisms i n,m : G m → G n . Let G = lim −→ G n be the direct limit of S in the category of Lie groups modelled on locally convex spaces. Then G does not have small subgroups.
The theorem is an immediate consequence of the following lemma. Lemma. Let G and H be finite-dimensional Lie groups, f : H → G be a continuous, injective homomorphism and K ⊆ H be a compact identity neighbourhood which does not contain any non-trivial subgroup of H. Then there is a compact subset C ⊆ G which contains f (K) in its interior and does not contain any non-trivial subgroup of G.
Proof. We may assume that H is a subgroup of G and f is the inclusion map.
Step 1. We consider h := L(H) as a subspace of g := L(G) and fix a norm . on g. Given r > 0, we let B r ⊆ g denote the open ball of radius r around 0 in g, andB r be its closure. There exists r > 0 such that φ := exp G | B 3r is a homeomorphism onto an open identity neighbourhood in G, and exp G | B 3r ∩h is a homeomorphism onto an open identity neighbourhood in H. Since K is an identity neighbourhood in H, after shrinking r we may assume that φ(
After replacing r with s, we may assume that φ(B 3r ∩ h) = φ(B 3r ) ∩ K.
Step
The set K \ φ(B r ) being compact, we find integers k 1 , . . . , k n and compact subsets A 1 , . . . , A n ⊆ G the interiors A 0 j of which cover K \ φ(B r ), such that P j := {x k j : x ∈ A j } does not meet K for j ∈ {1, . . . , n}.
Step 3. Since the compact sets K and P := n j=1 P j are disjoint, there exist compact neighbourhoods Q of P and
, we may assume that A j ∩ P = ∅ for each j ∈ {1, . . . , n}.
Step 4. The set S := (B 2r \ B r ) ∩ h being compact and covered by the open sets φ
After shrinking δ (if necessary), we may assume that (B 2r ∩ h) +B δ ⊆ φ −1 (R), whence (B 2r ∩ h) +B δ and φ −1 (P ) are disjoint. Then φ −1 (P ) is also disjoint from
The set D is a compact neighbourhood of (B 2r ∩ h) \ {0}. In fact, if 0 = x ∈B 2r ∩ h, then there is i ∈ N 0 such that 2 i x ∈ [r, 2r]. Then 2 i x ∈ S and x = 2
Step 5. There is
is an open identity neighbourhood, we may assume that furthermore φ(B 3ε ) ∩ n j=1 A j = ∅.
Step 6. For each 0 = x ∈ D, there is m ∈ N such that φ(mx) ∈ n j=1 A j . In fact, we have mx ∈ S +B δ ⊆ n j=1 φ −1 (A j ) for some m ∈ N, by definition of D.
Step 7.
In fact, we have mx ∈B 2ε \B ε ⊆ B 3r for some m ∈ N. Thus mx ∈B ε , and mx ∈ φ −1 (
Step 8. Set C := φ(B ε ) ∪ φ(D) ∪ n j=1 A j . Then C is a compact neighbourhood of K in G, and C ∩ P = ∅. We show: y ⊆ C for each element y ∈ C \ {1}. Case 1: If y ∈ A j for some j, then y k j ∈ C because y k j ∈ P and C ∩ P = ∅. Case 2: If y = φ(x) for some x ∈ D, then y m ∈ n j=1 A j for some m ∈ N by Step 6 and thus y ⊇ y m ⊆ C, by Case 1. Case 3:
Proof of the theorem. We may assume that each i n,m (and hence also each limit map i n : G n → G) is injective (see [2, Theorem 4.3] ). There exists a sequence (K n ) n∈N of compact identity neighbourhoods K n ⊆ G n such that K n does not contain any non-trivial subgroup of G n and i n+1,n (K n ) is contained in the interior of K n+1 , for each n ∈ N. In fact, since G 1 is a finite-dimensional Lie group, it has a compact identity neighbourhood K 1 which does not contain any non-trivial subgroup of G. Now suppose that compact identity neighbourhoods K m ⊆ G m have been constructed for m = 1, . . . , n which do not contain non-trivial subgroups and such that i m+1,m (K m ) ⊆ K 0 m+1 for m = 1, . . . , n − 1. Then the lemma provides a compact identity neighbourhood K n+1 ⊆ G n+1 not containing any non-trivial subgroup and such that i n+1, Remark. Note that if a Lie group G has an exponential map exp G : L(G) → G which is a homeomorphism from some 0-neighbourhood in L(G) onto some identity neighbourhood in G, then small torsion subgroups cannot exist. If, furthermore, L(G) does not have small additive subgroups, then G does not have small subgroups. This condition is satisfied for the special cases of direct limit groups considered in [3] and [5] , but not always for general direct limit groups. In fact, the exponential function of a direct limit group need not be injective on any 0-neighbourhood (see [1, Example 5.5] ). We therefore had to pursue a different strategy to prove the non-existence of small subgroups in direct limit groups.
